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ORTHOGONAL POLYNOMIALS AND 
FLUCTUATIONS OF RANDOM MATRICES 

TIMOTHY KUSALIK JAMES A. MINGO 
AND ROLAND SPEICHER 


Abstract. In this paper we establish a connection between the 
fluctuations of Wishart random matrices, shifted Chebyshev poly¬ 
nomials, and planar diagrams whose linear span form a basis for 
the irreducible representations of the annular Temperly-Lieb alge¬ 
bra. 


1. Introduction 

Wishart matrices are a family of matrices studied in the statistics 
literature since 1928. Besides the Gaussian random matrices they con¬ 
stitute the most important random matrix ensemble. They can be 
described as follows. Let Gm,n be a M x iV matrix whose entries are 
independent complex Gaussian random variables with mean 0 and com¬ 
plex variance 1/A. Let Xjsi = G* *j^ ^Gm,n- is a complex Wishart 
matrix (of parameter c = M/N). 

The fundamental quantities of interest for random matrix ensembles 
are the asymptotic eigenvalue distribution and the fluctuations around 
this asymptotics. Whereas the main questions about eigenvalue distri¬ 
butions have been mostly answered decades ago, investigations around 
fluctuations are more recent and there is currently a lot of interest in 
this topic, in particular, in connection with the question of universal¬ 
ity. In the case of Wishart matrices, the large N limit of the eigenvalue 
distribution was found in 1967 by Marchenko and Pastur and is now 
named after them. The question of fluctuations was addressed for the 
first time by Jonsson [.ion] in 1982 and, much more recently and much 
more detailed, by Gabanal-Duvillard ma in 2001. 
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Before we say more about their results let us first describe the gen¬ 
eral picture. In the following we will, for better legibility, systematically 
suppress the index N (or M) at our random matrices. It is to be un¬ 
derstood that random matrices are N x A^-matrices and asymptotic 
statements refer to the limit N —>■ cx). For many random matrices Y 
the family of random variables {Tr(y’^)}„ becomes asymptotically, as 
the size N of the matrices goes to infinity, Gaussian. The two questions 
addressed above consist then in understanding the limit of the expec¬ 
tation and of the covariance of these Gaussian random variables. For 
the latter one would in particular like to diagonalize it. Whereas the 
expectation (i.e., the eigenvalue distribution) depends on the consid¬ 
ered ensemble, the covariance (i.e., the fluctuations) seem to be much 
more universal. There are quite large classes of random matrices which 
show the same fluctuations. The most important class is the one which 
is represented by the Gaussian random matrices. Its fluctuations are 
diagonalized by Ghebyshev polynomials, see Johansson [jOHj . 

In the case of the Wishart matrices X, the asymptotic Gaussian- 
ity of the traces was shown by Jonsson; the explicit form of the co- 
variance, however, was revealed only recently by Gabanal-Duvillard 
He found polynomials {F„}„, which were shown to be shifted 
Ghebyshev polynomials, such that the random variables {Tr(F„(X)}„ 
are asymptotically Gaussian and independent in the large N limit; 
that is the polynomials {F„}„ diagonalize asymptotically the covari¬ 
ance. Gabanal-Duvillard’s approach relies heavily on stochastic calcu¬ 
lus. In this paper we want to give a combinatorial proof of his results 
which rests on a combinatorial interpretation for the polynomials F„. 
This combinatorial approach allows very canonically an extension of 
Gabanal-Duvillard’s results to a family of independent Wishart matri¬ 
ces, yielding our main result. 

Theorem Let {F„}„ be the shifted Chebyshev polynomials of the first 
kind as considered by Cabanal-Duvillard and let {H^jn be the orthogo¬ 
nal polynomials of the Marchenko-Pastur distribution (which are shifted 
Chebyshev polynomials of the second kind). Let Xi, ..., Xp be indepen¬ 
dent Wishart matrices and consider in addition to Tr(F„(Xj)) also, for 
k > 2, the collection of random variables Tr(nmi (XjJ ■ ■ ■ nmj,(Xj^)), 
where the Wishart matrices which appear must be cyclically alternating, 
i.e., ii ^ i 2 ^ is ^ ^ ik ^ ii- These latter traces depend only on 

the eguivalence class of (H, ■ • • ,4) o,nd (mi,.. .m^) under cyclic per¬ 
mutation. Assuming that we have chosen one representative from each 
eguivalence class, the random variables 

{iv(r„(.Y.))} u {iv(n„.(Ai,).. .n„.(.vj)} 
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are asymptotically independent and Gaussian. 

Let us remark that, in contrast to one-matrix models, multi-matrix 
models are very poorly understood and the problem of universality 
is mostly open for them at the moment. Understanding the fluctua¬ 
tions of the simplest representatives of multi-matrix models is essential 
for progress in this direction. Whereas our results about the multi¬ 
matrix Wishart case are new, the corresponding results for the multi¬ 
matrix Gaussian case were derived by Cabanal-Duvillard in lnn|. By 
a small modihcation of our approach we can also give a combinatorial 
re-interpretation and proof in this case (see the remarks in Section 11). 

The main motivation for our investigations comes from our belief 
that the theory of free probability provides the right tools and concepts 
for attacking questions on fluctuations of random matrices - in partic¬ 
ular, for multi-matrix models. Even though “freeness” will not appear 
explicitly in this paper, our methods and results are very much re¬ 
lated to our investigations around “second order freeness” in |M5j. The 
present paper can, in particular, be seen as a complementary treatment 
of some of the questions treated in |MS|. 

In the rest of this Introduction we want to give some idea of what 
is involved in the proof of our theorem; in particular, we would like to 
outline the relation between special planar diagrams and the question 
of diagonalizing the covariance of Wishart matrices. 

Let us start with our re-interpretation of Cabanal-Duvillard’s results 
for the case of one Wishart matrix. Our starting point is the paper of 
Mingo-Nica jCTNj . where a genus expansion in terms of permutations 
was provided for the cumulants of the random variables Tr(X"). Since 
cumulants of different orders have different leading contributions in N, 
this has as a direct consequence the asymptotic Gaussianity of these 
traces. The main problem left is to understand and diagonalize the co- 
variance. Also in jCTNj , it was shown that the covariance of the random 
variables {Tr(X”)}„ has asymptotically a very nice combinatorial in¬ 
terpretation, namely it is given by counting a class of planar diagrams 
which were called non-crossing annular permutations. More precisely, 
if we denote by K 2 {A, B) the covariance of two random variables A and 
B and if c is the asymptotic ratio of M and N for our Wishart matrices, 
we have 

lim K2(T1'(X’”),TV(X”))= V c*\ 

N-^-oo ^ ^ 

where S'Arc(Hr, n) denotes the set of non-crossing (m, n)-annular per¬ 
mutations, i.e., permutations on m -|- n points which connect m points 
on one circle with n points on another circle in a planar or non-crossing 
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way. In the above formula we are summing over all non-crossing (m, n)- 
annular permutations and each block of such a permutation contributes 
a multiplicative factor c. (For c = 1, which corresponds to Wishart 
matrices with M = N, the above formula just counts the number of 
elements in SNc{rn,n).) 

In jCTNj the cycles of the permutation were shown as blocks in the 
annulus. See the hgure below. 


1 



Figure 1. A non-crossing 
annular permutation. 


In our context it seems more appropriate to redraw the diagram with 
the circles side by side as shown. 



Figure 2. The permutation of figure 1 unfolded. 


The limit of K 2 {Tt{X^), Tr(X"')) is, of course, not diagonal in m and 
n because points on each circle are grouped into blocks (some of which 
do not even connect to the other circle), and this grouping on both sides 
has no correlation; so there is no constraint that m has to be equal to 
n. However, a quantity which clearly must be the same for both circles 
is the number of through-blocks, i.e., blocks which connect both circles. 
Thus in order to diagonalize the covariance we should go over from the 
number of points on a circle to the number of through-blocks leaving 
this circle. 
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A nice way to achieve this is to cut our diagrams in two parts - one 
part for each circle as shown. 




Figure 3. The permutation of figure 2 cut in two. 

These diagrams which we call ‘non-crossing half-permutations’ are 
the principal objects of study of this paper. 

In this pictorial description Tr(X™') corresponds to the sum over 
non-crossing half-permutations on one circle with m points and Tr(X"') 
corresponds to a sum over non-crossing half-permutations on another 
circle with n points. The limit of K 2 {TT{X"^),Tr{X^)) corresponds to 
pairing the half-permutations for Tr{X^) with the half-permutations 
for Tr(X”). The pairing between two half-permutations is given by 
glueing them together in all possible planar ways. We will call what 
is left in a half-permutation of a through-block after cutting an ‘open’ 
block - as opposed to ‘closed’ blocks which live totally on one circle and 
are thus not affected by the cutting. A pairing of two half-permutations 
consists of glueing together their open blocks in all possible planar 
ways. This clearly means that both half-permutations must have the 
same number of open blocks for a non-trivial pairing, and thus our 
covariance should become diagonal if we go over from the number of 
points on a circle to the number of open blocks. From this point of view 
the polynomials rfc(a;) found by Cabanal-Duvillard should describe k 
open blocks. If we write x'^ as a linear combination of the T^’s as in 

n 

= '^qn,k^k{x) 
k=0 

then the above correspondence 

Tr(X'^) = n points 

Tr(rfc(X)) = k open blocks 

suggests that the coefficients qn,k are given by summing over all half¬ 
permutations with k open blocks, each such permutation contributing 
a factor c for each closed block. (The dependence on c reflects the fact 
that in our original formula every block contributed with a factor c - 
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now every closed block gives a factor c right away, whereas an open 
block has to be paired with another open block to produce a factor c. 
In the case c = 1, qn,k just counts the number of half-permutations on 
n points which have k open blocks.) We will show that the coefficients 
<in,k appearing in the relations for the shifted Chebyshev polynomials 
Tk have indeed this combinatorial meaning. This will be achieved, in 
Section 8, by showing that both quantities satisfy the same recurrence 
relations. Let us also point out that the case k = 0 is special, because 
constant terms in the polynomials play no role for the covariance, but 
have to be fixed by other normalizations. On the combinatorial level 
this is reflected by the fact that we only look on non-crossing annular 
permutations which connect the two circles, thus we always have at 
least k > 1 through-blocks (or open blocks, after cutting). Since how¬ 
ever, our recursions rely also on /c = 0, we have to make some separate 
considerations for A; = 0 at various places. In particular, we want to 
point out that the ‘right’ definition in our setting for a non-crossing 
half-permutation on n points with zero open block is not just a non¬ 
crossing permutation on n points. See Section |H1 for more details on 
this. 

In order to illustrate the above statements let us here present the 
pictorial meaning of the equation 


3^^ — r 2 -|- (2 -|- 2c) Ti -|- q' 2 ,oro 


for the shifted Chebyshev polynomials Tfc. 



Figure 4. The five non-crossing half-permutations on [2]. 
The diagrams corresponding to Fq have been omitted. 


Our combinatorial interpretation of the diagonalizing polynomials for 
one Wishart matrix opens the way to a similar treatment for a tuple 
of independent Wishart matrices. Covariances of traces of products of 
such matrices are asymptotically described essentially in the same way 
as before in terms of non-crossing annular permutations, however, in 
addition we have to colour the points on the two circles (one colour for 
each Wishart matrix) and require that the contributing permutations 
have to connect only points of the same colour (i.e., each cycle of the 
permutation must be mono-chromatic). Again the diagonalization of 
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the covariance is achieved by going over from the nnmber of points 
on a circle to the nnmber of open blocks. Thns, on hrst view, one 
might expect that traces of alternating prodncts in the give rise to 
a diagonal covariance. However, this is not the case. One has to realize 
that throngh-blocks of one colonr break the symmetry of the circle for 
throngh-blocks of another colonr, thus in a sense for each group of 
through-blocks of the same colour the circle is cut open to a line and 
instead of circular half-permutations we have to consider linear half¬ 
permutations. Thus instead of F^ we have to look for polynomials H^ 
which satisfy 

n 

x"" = y^^Pn,k^k{x), 

k=0 

where Pn^k is how the sum over all linear half-permutations with k open 
blocks, each closed block weighted by a factor c. It turns out that these 
polynomials are the orthogonal polynomials for the Marchenko-Pastur 
distribution (which are shifted Chebyshev polynomials of the second 
kind). Again we prove this, in Section 7, by showing the equality of 
the corresponding recurrence relations. The proof that the covariance 
is diagonalized by traces in alternating products in these polynomials 
Hfc is given in Section 9. 

As an illustrative example for these statements consider 

x‘^y = {n2(a;) + (1 + 2c)ni(a;) -f (c-f- c^)no(a;)} {ni(?/) -hcno(|/)} 



Figure 5. The four non-crossing circular half-permutations 
on {X,X,Y}. The diagrams corresponding to IIo have been 
omitted. 


Note that the above argument of symmetry breaking is strictly valid 
only if each group of the same colour has at least one through-block. 
However, a priori one also has to consider diagrams containing mono¬ 
chromatic groups without any through-block. It turns out that, by the 
centeredness of the Hfc, the net contribution of such diagrams cancels 
out. To make this argument rigourous constitutes an essential part of 
the proof of Theorem^ (see in particular Lemma IHTjl 
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Finally, we would like to point out that our circular half-permutations 
are, after a small redrawing, the diagrams used by V. F. R. Jones p], 
§5 to create a basis for the irreducible representations of the annular 
Temperly-Lieb algebras. In Jones’s convention the left picture in Fig. 
3 above would be hrst inverted in the centre of the circle and then the 
blocks would be expanded into ‘fat graphs’. 



Figure 6. The left diagram of figure 3 inverted and then 
drawn as a fat permutation. 

In this paper we will not have to say more about this relation with 
the Temperly-Lieb algebras, but we are taking this as a serious hint 
that there exists a deeper relation between free probability, random 
matrices, and subfactors. We hope to explore this relation further in 
forthcoming investigations. 

However, as a nice application of our developed machinery to oper¬ 
ator algebraic questions we show, in Section 10, a connection between 
Wick products and half-permutations that gives a combinatorial for¬ 
mula for the product of two Wick products which has a very simple 
diagrammatic interpretation. 


inr * XTT = ^ /Ti A + 








Figure 7. The convolution of two non-crossing 
linear half permutations. 


2. Notation 

Let (fl, S, P) be a probability space. We will only consider random 
variables with moments of all orders. Let Gm,n '■ ^ Mm,n{‘C) 

be a random matrix with entries {gij) such that each gij is a com¬ 
plex Gaussian random variable with mean 0 and complex variance 
= l/N. Let Wtv = j^Gm,N) we shall call Xjq a com¬ 
plex Wishart distributed random matrix or more succinctly a Wishart 
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matrix. See for example Haagerup and Thorbjprnsen jHTij , §5, |h^, 
§6 or Hiai and Petz Ed. Ch. 4. 

For any random variables X and Y, let the covariance be given by 
K 2 (X, Y) = £^(XY) — £^(X)£^(Y). For an N x N matrix X we let Tr(X) 
be the nn-normalized trace. 

In this paper we are interested in the large N limit of the eigenvalne 
distribntion of and their flnctnations. In order for this limit to 
exist we mnst have that M/N converges as M and N tend to inhnity. 
More precisely we shall snppose that we have seqnences {Mk}k and 
snch that lim^Mfe = lim^A^fc = cx) and limk Mf^/Nk = c with 
0 < c < cx). In order to have a second order distribntion we reqnire in 
addition the existence of a second order limit c' = limfeM^ — cNk- We 
shall assnme that the nnmbers c and c' are hxed thronghont the paper. 

This limiting distribntion is called the Marchenko-Pastnr distribn¬ 
tion, 


he = (1 


^y{b-x){x-a) 
C)do + — -:- dx 


271X 


where a = , b = {y/c+1)'^ , and 5o is an atom at 0 which disap¬ 

pears if c > 1. The absolntely continnons part {b — x){x — a)/ (27rx) 
has snpport eqnal to the interval [a, b]. 


3. Shifted Chebyshev Polynomials of the First Kind 


We shall make use of two families {Ffc(a:)}fc and {11^(0;)}^ of shifted 
Chebyshev polynomials c.f. Ed- Let {Tk{x)}k be the Chebyshev 
polynomials of the hrst kind i.e. Tfc(cos6*) = cos{k6). Rescale these 
polynomials by letting Co{x) = 1 and for n > 1, Ck{x) = 2Tk{x/2). 
Then {Ck{x)}k are monic and orthogonal for the dilated arc-sine law 
dx 

1 - 2 . 21 - 


TT 


We have 

^0(0;) = 1 

Ci{x) = X 
C2{x) = x^ -2 
Csix) = x^ — 3x and 
xCnix) = Cn+l{x) + Cn-l(x) fom > 1 

Now let US shift the sequence to produce our hrst sequence {F„(a;)}^ 
Let 

a; — (1 -1- c) ,, du dx 


u = 


then 






^{b -x){x- a) 
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where a = {y/c — 1)^ and b = {y/c + 1)^. 

Now let 

r„(x) = TE c„ 

Then 
ro(x) = 1 

f i(a;) = X - (l + c) 
r 2 (a;) = — 2(1 + c)x + 1 + 

r 3 (a;) = x^ — 3(1 + c)x‘^ + 3(1 + c + c^)x — (1 + c^) 
xfn{x) = r„+i(a;) + (1 + c)fn{x) + cfn-i{x) for n = 0, 2, 3,4,... 

and {r„(a;)}„ is a sequence of monic pairwise orthogonal polynomials 

dx 

for the shifted arc-sine law - , on [a, 61. 

TT^{h-x){x-a) 

We shall write Tn{x) = J2k=o9nk^^- recurrence formula for the 
r„’s means that for n = 0, 2, 3,4,... we have 

(1) 9n,k-l = 9n+l,k + (1 + c)5'n,fc + ^9'n-\,k 
and for n = 1 

(2) ^ 92,k + (1 + + 2c5fo,fc 

where we have used the convention that ii either n < 0 or 

A; < 0, or A; > n. Let T denote the upper-triangular matrix 


(9o,o \ 

9'i,o 9'i,i 

r = 92,0 92,1 92,2 

fi'3,0 fi'3,1 fi'3,2 fi'3,3 

V •7 

Let S be the unilateral shift and C = cS -\- cl + SS* + S 
/O 0 \ /c 1 \ 


(3) 


5 = 


1 0 0 
1 0 


V 


, C’ = 


7 


c 1 -I- c 1 
c 1 -I- c 


V 


7 


Equations 0 and m imply that 

f = Cf + {I + cS){I - SS*)f 
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After multiplying on the left and the right by F ^ we have 
(4) f-^C = S*f-^-f-\l+ cS){I - SS*) 

If we write 

/ fi' 0,0 \ 


r-i = 


fi'1,0 9i,i 

92,0 92,1 92,2 

93,0 93,1 93,2 93,3 


V 

then equation (Q implies that for k > 0 




(5) 


9n+l,k 9n,k—l A (1 4“ C^9n,k 4“ ^9n,k+l 


and for fc = 0 


(6) 9n+l,0 — C9n,l 4- (1 4- c)gnfi + cgn,l 


By direct calculation we obtain that the hrst hve rows of F ^ are 


/ 1 
1 + c 
1 + 4c + 

l + 9c+9c^ + c^ 
yl + 16c + 36 c^ + 16 c^ + 


0 

1 

2 “h 2 c 
3 + 9 c + 3 c^ 

4 + 24 c + 24 c^ + 4 c^ 


0 

0 

1 

3 A 3 c 

6 + 16 c + 6 c^ 


0 0\ 
0 0 
0 0 
1 0 
4 + 4c ij 


Let do = “1; di = 1 and = (—l)’^(c — 1) for n > 1. Let 

rn(A) F^(x) A dn 

then Fnlx) d/j,c(x) = 0 for n = 0,1, 2. By equation 01 above, 



( a ) djUc(x) 


(-ir(i-c) 


for u > 1 and thus /jgF„(a:) dud^x) = 0 for all n. 

Let us write F„(a;) = YTk=o^'n,k^'" and x” = YTk=o^n,k^k{x). Let F 
be the matrix 


F 


(^0,0 \ 

9'i,o Q-'i,! 

92,0 92,1 92,2 

93,0 93,1 93,2 93,3 

\ •••/ 
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and thus 


r-1 = 


Let D be the matrix 


/ ^ 0,0 
< 11,0 
Q2,0 

Q3,0 

\ 


< 12,1 

?3,1 


D = 


Q2,2 

93,2 


93,3 


( do 

0 ■■■ \ 

di 

0 ■■■ 

(^2 

0 

ds 

0 ■■■ 

\ ■■ 

/ 


\ 

7 


Then T = f + D and so T”^ = f — f since DT = D which 
holds because gQo = 1- Thus = 9n,fc for k > 0. 

The hrst hve rows of T”^ are 


/ 


1 

c 


c + c 
c + 3 
+ 6 + 6 


0 

1 

2 + 2 c 
3 A 9 c + 3 
4 + 24 c + 24 + 4 


0 

0 

1 

3 + 3c 
6 + 16 c + 6 


0 0\ 
0 0 
0 0 
1 0 
4 + 4c ij 


We shall see in section |S] that these equations have a very simple 
combinatorial interpretation. 

Recall that the Cauchy transform of the arc-sine law is 


G{z) 


dt 


1-2 Z -t TT-y/d - 


1 



Using the transformation u = ( 2 ; — (1 -|- c))/\/c we see that the Cauchy 
transform of the shifted arc-sine law is 


F{z) = 


dt 


z — t (6 — t){t — a) 


= G{u)/y/c 


Thus the moment generating function of the shifted arc-sine law is 


'^gnfiz'^ = z ^F{z 
n>0 


1 

77" — az){l — bz) 


Gk{z) = gn,kz'^ 

n>k 


Now for each fc > 0 let 
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Then Gq{z) = , ^ . From equation 0 we see that for fc > 1 

yj {l-az){l-bz) 

(7) cGk+i{z) = {z ^ — (1 + c))Gk(z) — Gk-i(z) 

and 


(8) 2cGi(z) = (z ^ - (1 + c))Go(z) - z ^ 

Let 

o ^ ^ _ 1 - (c - 1 ) 2 ; - ^(l-az)(l-bz) 

aw-- 

be the moment generating function of the Marchenko-Pastur distribu¬ 
tion. Then we can write equation (jS)) as 


Gi(z) 


Pn(z) 


Go(z) 


Moreover Po(z) satishes the functional equation (z~^ — (l + c))(Po(z) — 
1) = (Po(z) — 1)^ -|- c. Now we can apply equation ((7|) to conclude by 
induction that 


(9) 


Gn(z) 


Po(z) - 1 


Go(z) 


There is an interesting diagrammatic interpretation of equation o 
in section El c.f. Remark EHl 


4. Shifted Chebyshev Polynomials of the Second Kind 

We next recall the construction of the orthogonal polynomials for 
the Marchenko-Pastur distribution /Xc- Let {Pn(x)}n be the Chebyshev 
polynomials of the second kind, i.e. Un{cos6) = sin((n -|- 1)6)/ sin^. 
Let Sn{x) = Un{x/2). Then 


Sq{x) = 1 Sz{x) = x^ — 2x 

Si{x) = X xSn{x) = Sn+l{x) + Sn-l{x) for Ti > 1 

S2{x) = X^ - I 


The S„’s are monic and orthogonal for the semicircle law V4 — / (27r). 

We let 


( 10 ) 


n„(x) = a/c^ Sn 



+ \/^ Sn-l 



(i + c) A 


Then 


no(x) = 1 112 ( 0 ;) = — (1 -I- 2c)a; -1- 
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ni(x) = X — c n3(a;) = — {2 + 3c)x‘^ + (1 + 2c + 3c^)x — 

and for n > 1 


xlln{x) = n„+i(a;) + (1 + c)Iln{x) + clln-l{x) 


The n„’s are shifted Chebyshev polynomial of the second kind. Indeed 
by letting 


c a/4 — du {b — x){x — a) dx 



where a = (\/c — 1)^ and h = {^/c+ 1)^, we obtain, from equation dTUll . 
that = 0 for n > 1. In addition we can see by direct 

calculation that ni(a;) (i/ic(a;) = /r ^2 (x) dfic{x) = 0. Thus by the 
recurrence relation we have that n„(a;) (ipc(a^) = 0 for all n > 0. 
Finally by induction on m + n we have again from the recurrence re¬ 
lation for n > m that /jga;™n„(a;) d^c{,x) = j-^xllrn+n-i{,x) djj,c{x) = 0. 
This shows that the II^’s are pairwise orthogonal. From the recurrence 
relation we have that 



and from equation (uni) we obtain 



Thus d^c{x) = c”. 

Let us write n„(a;) = Y2=oPn,k^’" = Ylk=oPn,k^k{x). Let 11 

be the matrix 


fPofl 
P'i,o P'i,i 


\ 


If = P2,0 P' 2,1 P' 2,2 


P3,0 P3,l P' 3,2 

\ 


p's,3 

■J 


/Po,o 
Pl,0 Pl,l 


\ 


n ^ = P2,0 P2,l <12,2 

P3,0 P3,l P3,2 ?3,3 


V 


•••/ 


and thus 
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Let C and S be as in eqnation dSl) above. Then we have from the 
recnrrence relation for the II’s that CTI = LIS'* and thns = 

From this we obtain the recnrrence relation for the Pn,kS: 

(11) Pn+i,k = Pn,k-1 + (1 + c)pn,k + cpn,k+i, when fc > 0; 


(12) and Pn+ip = cpn,o + cpn,i, when k = 0. 

In section 0 we present a simple combinatorial interpretation for this 
recurrence relation. Here are the hrst hve rows of H”^. 

/I 0 0 0 0\ 

c 1 0 0 0 


l + 2c 1 0 0 

1 + 5c + 3c2 2 + 3c 1 0 

yc + 6c^ + 6c3 + c^ l + 9c+14c^ + 4c^ 3 + llc + 6c^ 3 + 4c ij 


c + c 

c + 3 + c3 

„2 , fi ^3 , „4 


We can also obtain immediately the generating functions for the se¬ 
quences {pn,k}n as in Haagerup-Thorbjprnsen |h^, §6. Let Pk{z) = 

Then Po{z) = ^ is the moment gen¬ 

erating function of the Marchenko-Pastur distribution. From equation 
m we get that for k > 1 

(13) cPk+i{z) = {z~^ - (1 + c))Pk{z) - Pk-i{z) 

and from equation m we get that 

= cPoiz) + cP,{z) 

From this equation and the functional equation for Pq we get that 

'aw -1' 


a (4 = 


p«(~) 


Then by induction we get, as noted in Lemma 6.3, from m 

that for all k, 

'Poiz)-l' 


Pkiz) = 


Poiz) 


In Remark^lwe give a simple and elegant diagrammatic interpretation 
of this formula. 

Finally let us note that the relation 2T„(x) = Un{x) — Un- 2 {,x) be¬ 
tween the Chebyshev polynomials of the hrst and second kind implies 
that ^ ^ 

F„(a;) -h F„_i(x) = n„(a:) - cn„_ 2 (a;) 
for n > 2 and thus (since dn + dn-i = 0 for n > 3) 

(14) F„(a:) + F„_i(a;) = n„(x) - cn„_2(a;). 
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5. WiSHART Matrices 

Let (f2, S, P) be a probability space and G : > Mm,n{,C) be a 

random matrix with entries {gij}- Snppose that {gij} are independent 
complex Gaussian random variables with S{gij) = 0 and Sdgijl"^) = 
1/N for all 1 < i < M and 1 < j < iV. Then X = G*G is a particular 
case of a complex Wishart matrix. To simplify the terminology we 
shall henceforth say that X is a Wishart matrix if X = G*G and G is 
as above for some M and N. 

We are interested in the behaviour of the eigenvalue distribution of 
Xat as M and N tend to inhnity. Thus we assume that we have se¬ 
quences {Mk}k and {Nk}k of positive integers such that c := limfc Mk/Nk 
exists and 0 < c < oo. In order to get a second order limiting distri¬ 
bution we shall further assume that the limit d = lim^^oo Mk — cNk 
exists. Whenever asymptotics are discussed in this paper we shall al¬ 
ways assume that M and N are chosen from sequences {Mk}k and 
{Nk}k satisfying the two limiting behaviours above. When we take a 
limit as k tends to inhnity we shall denote this as lim^v- For further 
details and references see jHTij , and |CTNj . 

It was shown in Cabanal-Duvillard loa that the family of random 
variables {Tr(r„(XAr))}„>o is asymptotically Gaussian and indepen¬ 
dent as N tends to inhnity, where the T^’s are the shifted Ghebyshev 
polynomials of the hrst kind constructed in section El We wish to ex¬ 
tend this to a collection of independent Wishart matrices. So suppose 
that for each M and N we have Gi,G 2 , ■ ■ ■ ,Gp each as above but in 
addition such that the entries of all the Gj’s are independent. Thus 
for each M and N we have Wishart matrices x|^^, ■ ■ ■, Xp^^ where 
= G*Gi. We now wish to construct for each fc-tuple of positive 
integers m = (mi,...,m^) and each sequence of indices i = {ii,... ,ik) 
with I < ij < p and ij ^ ij^i a random variable p 

s™ = >) ■ • • n.„.(A'f >)) 

where the H^’s are the shifted Ghebyshev polynomials of the second 
kind constructed in section E) only depends on the equivalence 

class of (m, t) under cyclic permutation, so in Theorem^below we shall 
assume that we have chosen one representative from each equivalence 
class. Let |(m,L)| be the number of cyclic equivalence classes, i.e. the 
number of 1 < / < A; such that for 1 < r < k we have m^ = rrik+i+r 
and V = ik+i+r, where the indices are taken modulo k. 
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Theorem 1. Let {r„}„ be the shifted Chebyshev polynomials of the first 
kind as considered by Cabanal-Duvillard and let {!!„}„ be the orthogo¬ 
nal polynomials of the Marchenko-Pastur distribution (which are shifted 
Chebyshev polynomials of the second kind). Let Xi, ..., Xp be indepen¬ 
dent Wishart matrices and consider in addition to Tr(r„(Xj)) also, for 
k > 2, the collection of random variables PiiJlrnfiXif) ■ ■ - limfiXifi)), 
where the Wishart matrices which appear must be cyclically alternating, 
i.e., ii ^ i 2 is ik ii- These latter traces depend only on 

the eguivalence class of {ii, ... ,4) o,nd (mi, .. .mk) under cyclic per¬ 
mutation. Assuming that we have chosen one representative from each 
eguivalence class, the random variables 

{n(r„(.Y0)} u {n(n„.(A',)... 

are asymptotically independent and Gaussian. 

Moreover the limiting means o/Tr(r„(XAr)) and Srh,i are given by 

lim£:(Tr(r„(XAr^j)))) = (-l)”c' and 


lim£:(S',ii,r) = 0 


N 


by 


Finally the asymptotic variances of and Tr(r„(XAr)) are given 


limfi; 2 (Tr(r„(XAr,i),Tr(r„(XAr,i))) = nc"^ and 
limM(Tr(S-).rr(S^,)) =lim£(|Tr(S^,)P) = |(m, r)|c"»+-+™‘ 
Remark 2. In proving Theorem^ we shall show along the way that 


hmTr(n„(Xjv,*))) = 


0 n is even 
c'c^ n = 2k + 1 


In Mingo and Nica jMNj, §9 it was shown that the traces of words 
in are asymptotically Gaussian, in fact that all the cumulants 

of order higher than 2 are asymptotically 0, thus the random variables 
{Tr(rm(Xj-'^^))}m,i and aie asymptotically Gaussian. 

We shall prove Theorem [T] by showing that asymptotically 

U {Tr(rm(xj^^))}m,i are independent, i.e. that they diagonalize the 
covariance K 2 . In jCTN] . §7 it was shown that that these covariances can 
be expressed in terms of planar diagrams called non-crossing annular 
permutations. In the next two sections we will show how to relate these 
diagrams to the polynomials {r„}„ and {n„}„. 
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6. Non-Crossing Circular Hale-Permutations 

We introduce the notion of a non-crossing circular half-permutation. 
A non-crossing circular half-permutation on [m] is a non-crossing per¬ 
mutation TT of [m] together with a selection of blocks of vr that satisfy 
a condition described below. 

We shall begin by recalling the definition of non-crossing permuta¬ 
tions. Let [m] = {1, 2, 3,..., m}. Let tt be a partition of [m]. We say tt 
has a crossing if there are r < s < t < u with r and t belonging to one 
block of TT and s and u belonging to another. We say tt is non-crossing 
if it has no crossings. 

Another useful picture is to consider tt as a permutation of [m]. Each 
block of TT is arranged into increasing order and these form the cycles of 
a permutation of [m]. The permutations so obtained are characterized 
by the equality #(vr)-|- 7 ^( 7 m where is the permutation 

with one cycle (1, 2, 3,..., m) and #(cr) is the number of cycles in 
the permutation cr; see Biane |n]. As there is a bijection between 
permutations of [m] satisfying this geodesic condition and partitions 
satisfying the non-crossing condition we shall denote them both by vr. 
When it is necessary to emphasize the distinction we shall denote the 
non-crossing partitions by NC{m) and the non-crossing permutations 
by SNc{m). 

Perhaps the simplest description however is in terms of planar dia¬ 
grams. Given a partition tt we place the numbers 1, 2, 3, ..., m around 
a circle in clockwise order, and in the interior of the circle connect the 
points in the same block. If this can be drawn so that the blocks do 
not cross then the partition is non-crossing. 

Given a non-crossing partition vr there is another partition called the 
Kreweras complement which we shall denote by tt'^. The complement 
can be described several ways. First, let us regard tt as a partition of 
[m]. Let us consider another set [m] = {1, 2,..., m} and arrange the 
union [m] U [m] in the order l<l<2<2<---<m<m. Then vr'^ is 
the largest partition of [m] such that U vr is a non-crossing partition 
of [m] U [m]. 

Alternatively we can regard vr as a permutation of [m] and then 

= 7 mT“^, see Biane |nj. 

Definition 3. A non-crossing circular half-permutation of [m] is a tu¬ 
ple (tt, B, Bi, i? 2 , • • •, Bk) where tt is a non-crossing permutation of [m], 
k > 1, Bi, . ..Bk are blocks of tt, and 5 is a block of tt'^ such that 
Bi n B ^ 0 ioT i = 1, ..., k. The blocks Bi , ..., Bk are called the 
open blocks of tt and the remaining blocks of tt are called the closed 
blocks. Frequently and when no confusion can occur we shall simply 
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denote (tt, 5, Si,..., Bk) by vr. The set of non-crossing circular half- 
permutations with k open blocks will be denoted NCC{m)k- 

Lemma 4. Suppose that vr G NC{m), B is a block ofn, B is a block 
of TT^ such that B f] B ^ 0. Then |S fl S| = 1. 

Proof. Suppose i, j E B (1 B with i < j. For this proof we shall use the 
picture of as a partition on [m] such that U tt is a non-crossing 
partition of [m] U [m]. Then i < i < j < j and i,jEB and i,jEB 
which gives a crossing of U n. Hence |S fl S| = 1. □ 

Definition 5. Let n G NC{m), S G tt, and S G with B (1 B = {i}. 
Then i is called the initial point of B relative to B. We call the 

final point of B relative to B. If S is a singleton then its initial and 
hnal points will coincide. 

We can now present another picture of non-crossing circular half¬ 
permutations that explains the terminology we have introduced above. 

In jMNj it was shown that for a sequence of Wishart matrices {Wat} 
the correlation of the moments 

T(Tr(X-) Tr(X-)) - T(Tr(X-)) T(Tr(X")) 
converged as N tends to inhnity, to E S]s[c{'m,n) is the 

TTGSiVcl™')”-) 

collection of non-crossing annular permutations on the (m, n)-annulus 
and #(7r) is the number of cycles of vr. These were the subject of jCTNj : 
but we shall recall the pertinent facts here. 

The notion of a non-crossing annular partition extends to the annulus 
the idea of a non-crossing partition on a disc. Given two integers m 
and n and two concentric circles we have on the outer one the points 
1, 2, ..., m in clockwise order and on the inner circle we have the 
points ..., m + n in counter-clockwise order. We call this the 

(m, n)-annulus. We want to study partitions of [m-|-n] such that when 
drawn on the (m, n)-annulus there is at least one block connecting the 
two circles and the blocks do not cross. Being non-crossing on the 
(m, n)-annulus is weaker than being non-crossing on the m -|- n-disc. 

Given a non-crossing partition of the disc we can always put the 
points of each block in standard order and obtain a permutation sat¬ 
isfying Biane’s condition. In the case of the annulus we have to dis¬ 
tinguish between permutations whose orbits as a set are the same but 
which visit the points in different orders. 

Informally a permutation vr in Sm+n is non-crossing on the (m, n)- 
annulus if we can connect the points in cycles in the order visited by vr 
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in such a way that the blocks do not cross or self-intersect and enclose 
their interior in the clockwise orientation.. 



Figure 8. The non-crossing 
partition vr = (1, 2, 3)(4)(5) and its 
complement vr'^ = (1, 4, 5) (2) (3). 


Elements of Si\fc{Tn,n) are permutations of [m + n] which satisfy an 
annular geodesic condition similar to the one found by Biane. Let 7m,n 
be the permutation of [m + n] with two cycles 


'ym,n = {l,2,3,...,m){m + l,...,m + n) 


A permutation vr is non-crossing annular if it connects the two circles 
and 


(15) #(vr)-h #(7m,n7r ^) = mn 


There are a variety of equivalent ways of expressing this condition; see 
[CTNj . §3, 4, 5, 6 and jCTHj . §2. 


1 



Figure 9. tt = (1,2,3,12) (4,9) 
(5,6,7) (8) (10, 11) is a 
non-crossing annular 
(8,4)-permutation and its 
complements vr'^ = (1, 9, 5, 8) 
(2)(3)(4,10,12)(6)(7). 


We now wish to describe what happens if we cut one of these an¬ 
nular diagrams into two pieces which we shall call half-permutations. 
Informally we mean we separate the two circles; blocks that he com¬ 
pletely on one circle are called closed blocks and blocks that connect 
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the two circles are cut in half and are called open blocks. Let us con¬ 
sider the example tt = (1, 2, 3,12) (4, 9) (5, 6, 7) (8)(10,11) which is a 
non-crossing permutation of the (8,4)-annulus. There are two through- 
blocks i.e. blocks that connect the two circles: (1,2,3,12) and (4,9). So if 
we consider the half on the outside circle we have the half-permutation 
{(1,2,3) (4) (5,6,7) (8)}. The open blocks are (1,2,3) and (4) and the 
closed blocks are (5,6,7) and (8). 




Figure 10. The two non-crossing circular half-permutations 
arising from vr = (1, 2,3,12)(4,9)(5, 6, 7)(8)(10, 11). 

We now give a formal dehnition. 

Notation 6. Let Snc{'^, n) be the set of non-crossing annular permu¬ 
tations. For 71 G S'Arc(Ln, n) we call the annular complement 

of 71 and denote it also by vr'^. ti^ is also non-crossing by equation (nni). 
For 71 G SNc{^,n) and B a cycle of vr we say that B is through-block 
if n [m] 7 ^ 0 and il fl [m -|- 1 , m -|- n] 7 ^ 0 

Notation 7. Let tt be a permutation of [n] and let Ac [n]. Let 7T\^ 
denote the permutation induced by tt on A, i.e. for i ^ A, 7i\^{i) = j if 
77^{i) = j ^ A and 7 r*(i) ^ A ioi 1 < I < k. 

Lemma 8. Let tt G SNcijn) n) and tti = . Let Bi, B 2 ,... ,Bk be 

the through-blocks of tt'^. Let B = (i?i U ■ ■ ■ U B^) fl [m], then B is a 
cycle o/vTp 

Proof. We must show that B is invariant under 7t\ and that 7i\ acts 
transitively on B. Let i E B. First suppose 77^{i) E [m], then 7 r“^(i) G 
[m] and so 77f^{i) = 7i~^{i); thus vrj(i) = = 7 r'^(i) G B. 

Suppose 7i^{i) G [m -|- 1, m -|- n], then 7i~^{i) G [m -|- 1, m -|- n]. Let k 
be such that 77~^{i) G [m] but 7i~\i) G [m-|-1, m-|-n] for 1 < / < fc. Let 
j = 7 r“*^+^(z).Then 7 m,nT“^(j) = 7mT7^(^)- So 7rf{i) is in a through- 
block of 77^ and thus vrj(i) G B. Hence B is invariant under vr^. 

If Bi is a through-block of and i E Bi is such that ( 7 r'^)“^(i) G 
[m -f 1 , m -|- n] then we shall call i the initial point oi Bp conversely if 
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7r‘^(i) G [m + l,m + n] then we shall call i the final point of Bi. We have 
just seen in the first paragraph of the proof that if i G -Bj is not the 
hnal point then moves through the points of Bi fl [m] until it comes 
to the hnal point of Bi. In the second paragraph we saw that ttJ takes 
the hnal point of one block of to the initial point of another block. 

Each of the blocks Bi, being a through-block, has a non-empty in¬ 
tersection with [m + n]. By property (AC-3) of jCTNj . Def. 3.5, applied 
to vr'^ we see that once 7m visits a block Bi it doesn’t visit it again until 
all the other blocks Bj (j ^ i) have been visited. So let us order the 
blocks Bi so that 7m visits the blocks in the order Bi, B 2 , ..., Bk- If 
i G n [m] and i is a hnal point of Bi then i is an initial point of a 
block C of TT and so is the hnal point of C; thus is the 

initial point of B^+i- □ 

Definition 9. Let vr be a non-crossing annular (m, n)-permutation. 
We shall construct a pair tti and 712 of non-crossing circular half¬ 
permutations from 71. 

Let TTi = By jCTNj . Def. 3.5, (AC-1) tti is non-crossing. 

Suppose the through-blocks of tt'’ are Bi, B 2 , ..., Br. Let B = 
{Bi U • ■ ■ U Br) n [m\. Let Bi, B 2 ,..., Bg be the through-blocks of vr. 
By Lemma |Hl 5 is a cycle of ttJ and the blocks Bi fl [m] all meet B. 
Thus (vTi, Bi n [m], B 2 fl [m],..., fl [m], B) is a. non-crossing circular 
half-permutation. 

Similarly let 712 = m+n]- Then 7^2 is non-crossing on [m-|- 1, m-|- 

n]. Let b' = (Bi U ■ ■ - LiBr) fl [m-|-1, m-l-n]. Then ( 712 , 
n], B 2 C) [m + l,m + n],..., Bg O [m + l,m + n], B ) is a non-crossing 
circular half-permutation on [m -|- 1, m -|- n]. tti and 7 T 2 are the two 
half-permutations obtained from tt. 

Definition 10. Let {a, Bi, B 2 ,..., Bk, B) be a non-crossing circular 
half-permutation of [m]. We shall say that the cycles Bi, B 2 ,... ,Bk 
are in cyclic order if for each i and each x E Bi and r such that 
7m(a:) G Ui^iBi and ^ Ui^iBi for 1 < s < r, 7 m(a;) G Bi+i where 

we interpret Bk+i as Bi. 

Lemma 11. Let {a, Bi, B 2 ,..., Bk, B) be a non-crossing circular half¬ 
permutation of [m]. There is an ordering of the cycles Bi, B 2 ,... ,Bk 
such that they are in cyclic order. 

Proof. We showed in Lemma 01 that for each i, \BiP B\ = 1. Let us 
label these points Xi,X 2 ,..., Xk, i.e. {xi} = \BinB\. Moreover suppose 
that the cycles Bi, B 2 ,..., Bk are ordered so that 7m visits the xfs in 
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the order xi,X 2 ,... ,Xk- We shall show that this puts the cycles into 
cyclic order. 

Choose i and x & Bi and let r be such that 7 ^( 2 ^) ^ and 

7 ^(a;) ^ Ui^iBi for 1 < s < r. Since the points xi, xi,X2, X2, ■ ■ ■ ,Xk, Xk, 
of [m] U [m], are in cyclic order we can only have Xi < x < Xj+i, 
otherwise there would be a crossing between Bi and B. Hence Ym{x) = 

Tj+i € i?i+i. □ 

Notation 12. Let {a, Bi, B 2 ,..., Bk, B) be a non-crossing circular 
half-permutation of [m]. We denote Xi the initial point of Bi relative 
to B and by yi the hnal point of Bi. 

Remark 13. In the following theorem we have two non-crossing circular 
half-permutations each with k open blocks. We show that one can 
construct k non-crossing annular permutations from the pair of half¬ 
permutations. The diagrammatic interpretation is very simple. We 
£x an open block on the first half-permutation and then there are k 
open blocks on the second half-permutation to connect it to. Once this 
choice has been made there are no further choices for pairing up the 
remaining k — 1 open blocks on each half-permutation. 



Theorem 14. Let {a, Bi, ..., Bk, B) and ... ,Ck,C) he non¬ 

crossing circular half-permutations of [m] and [n] respectively, each with 
k open blocks. 

Then there are exactly k non-crossing {m,n)-annular permutations 
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Proof. Let 1 < s < /c; we shall construct We shall regard r as a 
non-crossing permutation of [m -|- 1, m -|- n] by identifying [n] with its 
translate in m+n\. Moreover shall denote by 7 „ the permutation 

of [m -|- 1, m -|- n] with the one cycle (m -|- 1, m -|- 2,..., m -|- n). Let the 
open blocks -Bi, B 2 . -Bfc of cr and the open blocks (Bi, C 2 , ..., Ck 
of be arranged in cyclic order. Let xi,X 2 , ■ ■ ■ ,Xk and yi,y 2 , ■ ■ ■ ,yk be 
such that Bid B = {xi} and CidC = {yi}- Let 

= (xi, yk-l+s){x 2 , yk- 2 +s) ■ ■ ■ {Xk, ys)(y'T 

where the index of yk-i+s is interpreted modulo k. Let us show that 

= m + n. This will show that is a non¬ 
crossing annular permutation by the geodesic condition, [CTN] . Theorem 
6.1. 

Let TTi = {xi,yk-i+s)(TT. Then #( 711 ) = #(cr) -h #(r) - 1 as i?i and 
Ck-i+s are disjoint cycles of ar. Also 

ffidim,nT^l ) = ff{Pra,n(X T (^Xiyk-l+s)) — ffiPra^X ) + ffiPnX ) 1 

as B and C are disjoint cycles of . Thus by the geodesic 

condition tti is non-crossing annular. 

Now let Tir = {xi^yk-i+s) ■ ■ • {xr^ yk-r+s)(XT. We shall show by induc¬ 
tion that TTj, is non-crossing annular. Since Bi and Ck-i+s are disjoint 
cycles of 7rj_i we have that #( 71 ^) = ffijir-i) — 1- We shall complete 
the proof by showing that + 1, as this will 

inductively show that vr^ satishes the geodesic condition. 

Write a = a^B and r = TqC', then 

dm,rCr Tq (■®) (^) (^1) 2/fc—1+s) ' ' ' {Xri yk—r+s) 

Thus it remains to shown that Xr and yk-r+s are in the same cycle of 

B~^C~^{xi,yk — l+s) ■ ■ ■ (^r— 1 ) yk—r+l+s) 
or equivalently that Xr and Xk-r+s are in the same cycle of 

(^1) yk—l+s) ' ■ ■ {Xr—l^ yk—r+l+s)BC 

We establish this by recursively applying the following sublemma. 

Sublemma Suppose bi < b 2 <■■■< bk < Ci < C 2 <■■■< q; 1 < 
h < i 2 <■■■< it C: k; I > ji > j 2 >■■■> jt > and D = 

( 61 , 62 , ■ ■ ■, bk, Cl, C 2 ,..., Cl) be a cycle. For r ^ s, bi^ and Cj^ are in the 
same cycle of {bi^,Cj^)D. 

Proof of sublemma By direct calculation, 

(bi^j Cjf)D (bij ■ ■ ■ 1 bi^_i, (^jri • • • 1 d)(bi^j ■ ■ ■ 1 bki Ci , • • • > Cj^_j^) 
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If s < r then bi^ and Cj^ are in the hrst cycle; if s > r they are in the 
second. 

To complete the proof we must show that every non-crossing annular 
permutation arises from a pair of non-crossing circular half-permutations 
So let TT be a non-crossing annular permutation. We must show that 
when we cut vr into tti and 112 , a pair of non-crossing circular half¬ 
permutations, and then reassemble them we recover vr. The only point 
that needs to be checked concerns the through blocks of vr. So sup¬ 
pose that Di, D 2 , ..., Dj. are the through blocks of tt and we let 
Bi = DiD [m], i ?2 = T *2 n [’Ll], ..., Bk = Dk D [m] be the open blocks 
of TTi and Cl = + l,m + m], C 2 = H [m = 1, m -|- n], ..., 

Ck = Din[m+1, m-|-n]. Let us further suppose that the through blocks 
Di, ..., Dk have been ordered so that Bi, ..., Bk are in cyclic order. 
By jCTNj . Def. 3.5 (AC-3) (see the middle diagram of jCTNj . Figure 3.7) 
the blocks Ck, ■ ■ ■, Ci are in cyclic order. Let xi, Xk he the initial 
points of Bi, ..., Bk, and similarly yi, ..., yk the initial points of Ci, 
...Ck. Then by |MI|, Def. 3.5 (ANS-2), A = {xi,yk-i+i)BiCk-i+i for 
1 <i <k. Thus 71 = {xi,yk) ■ ■ ■ {xk, yi)7ii'n'2- □ 



Figure 11. The two half-permutations of figure 9 reassembled 
to give the original permutation. 

7. Non-crossing Linear Half permutations 

In the previous section we saw that a non-crossing annular per¬ 
mutation could be decomposed into two non-crossing circular half¬ 
permutations. We shall need to decompose these circular half-permu¬ 
tations yet further into what we shall call non-crossing linear half¬ 
permutations. 

Suppose that m = irti + m 2 + ... mk, with each m, > 0; and that we 
have intervals Ii,... ,Ik C [m] of cyclically consecutive points. More¬ 
over suppose that the interval Ij has mj points each of colour ij and 
that cyclically adjacent intervals have different colours. 
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Let (tt, i?i, ..., Bk, B) be a non-crossing circular half-permutation of 
[m] such that all points of a cycle have the same colour and that each 
interval Ir meets at least one open block of vr. Then each cycle of tt 
can meet only one interval and so for each r, 7i\i^ is a non-crossing 
permutation of Ir- Moreover B meets the initial point of Ir- We shall 
formalize this notion in the dehnition below. 

Definition 15 . A non-crossing linear half-permutation of [m] is a 
non-crossing circular half-permutation (vr, Bi ,..., B^, B) in which 1 G 
B- When A; = 0 we understand this to mean a non-crossing parti¬ 
tion. We will denote by NCL{m)k the set of non-crossing linear half¬ 
permutations on [m] with k open blocks. 

If / is a hnite interval, a non-crossing linear half-permutation of I 
is a non-crossing circular half-permutation (tt, i?i,. .., 5^, 5) in which 
the initial point of / is in I?. 

We summarize our discussion in the following theorem. 

Theorem 16 . Suppose m = mi and we have intervals 

Ii, - - - ,Ik of cyclically adjacent points with the interval Ir of length mr 
and coloured ir and the colours ii,...,4 cyclically alternating. Let 
{n, Bi,... Bk, B) be a non-crossing circular half-permutation of [m] 
where each interval Ir meets one of the open blocks. Then each of 
7 t\i^ is a non-crossing linear half-permutation whose open blocks are 
those of TT which meet Ir - 

Given 0 < fc < n, let 

Pr.,k = E 

■K&NCL(n)k 

where ff{'K)c\ denotes the number of closed blocks of vr. In this section 
we shall show that 


Pn+l,k Pn,k—l A (1 T c) Pn^k "h ^Pn,k+1 
This is the same recursion as for the Pn,kS (see equation HU)- 
Theorem 17. For 0 < k < n 


Pn+l,k — Pn,k-l + (1 + C) Pn,k + CPn,k+l 


and for k = 0 


Pn+1,0 ^Pn,0 A ^Pn,l 

Moreover Pnk = Pn,k for < k <n. 
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Proof. We must show that we can write NCL{n + l)k as a disjoint union 
of the four subsets 

NCL{n + NCL{n + 1)^,2, NCL{n + 1)^,3, NCL{n + 1)^,4 
and exhibit bijections 


01 

iVGT(77 + l),,i- 

NCL{n)k-i 

02 

NCL{n + l)k ,2 - 

NCL{n)k 

03 

NCL{n + l)k,3- 

NCL{n)k 

04 

NCL{n + l)k,A- 

NCL{n)k+i 


such that 

#(0*(T))d = #(t)ci for 7 = 1,2 and 

1 + #(0*(7r))ci = #(t)c 1 for 7 = 3,4 

Given tt in NCL{n+l)k we look at the block containing 77+1. There 
are four possibilities 

- 77 + 1 is in an open block which is a singleton; 

- 77 + 1 is in an open block which is not a singleton; 

- 77 + 1 is in a closed block which is a singleton; and 

- 77 + 1 is in a closed block which is not a singleton. 

These four subsets clearly partition NCL{n + 1)^. Next we describe 
the maps {01,02,03,04}- In cases (1) and (3), 77 + 1 is a singleton 
and 01 and 03 remove this singleton leaving the other blocks alone. In 
case (1) the number of open blocks decreases by one and the number 
of closed blocks is constant; so #(0i(7r))ci = #(7r)ci. In case (3) the 
number of open blocks is unchanged but the number of closed blocks 
decreases by one so 1 + #(03(7r))ci = if{T^)c\- In case (2) 77 + 1 is part 
of an open block, we remove 77 + 1 leaving the block open; thus both 
the number open and the number of closed blocks is unchanged. 

For the case of (4) 77 + 1 is part of a closed block. We remove 
77+1 and make the block open. Since 77 + 1 is at an endpoint it 
cannot be covered by another block and thus we will not create a 
crossing by opening this block. However the number of open blocks 
increases by one and the number of closed blocks decreases by one and 
so 1 + #(04(7r))cl = #(7r)cl. 

It is easy to see that the maps in (1), (2), and (3) are bijections. 
In the case of (4) we just have to show that the construction can be 
reversed. Given a non-crossing linear half-permutation on [ 77 ] with k + 1 
open blocks we add a point at 77 +1, make it part of the rightmost open 
block, and then make this block closed. 
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In the case of /c = 0 we just have two cases (3) and (4) and we use 
the same maps as above. 

We have now established that {Pn,k}n,k satisfy the same recursion as 
{Pnk}n,k) to prove that they are equal we have to show that they are 
equal for n = 1. 

By direct calculation we have = c and = 1. On the other 
hand when n = 1 a partition can have only one block so q = c and 
Pi,i = 1- □ 

We shall use the following theorem to calculate the limiting mean of 
^(Tr(r„(X^))) and ^(Tr(n„(X^))) as iV ^ oo. 

Theorem 18. 


cVn,2fc+l = 

fc=0 ireNCin) 

Proof. Let NC{n) be the set of pairs (tt, 5) where tt G NC{n) and B 
is a block of tt. Let 5) = Then the right hand side can 

be written Ei^,B)eNCin) 

Let us dehne a map 


IJ NCL{n) 2 k+i ^ NC{n) 

k=0 

which we shall denote , i? 2 fc+i) (T, B) as follows. Arrange 

the open blocks Bi,, i? 2 fc+i from left to right as follows. min(i?i) < 
min(i?j) for i > 1 and max(5j) < max(i? 2 fc+i) for i < 2k + 1. Then 
min(i? 2 ) < min(i?j) for i > 2 and max(i?j) < max(i? 2 fc) for i < 2k. 
Then we join Bi with i? 2 fc+i, B 2 with B 2 k, ■ ■ ■, and i?fc_i with 5^+1. 
Call this new partition If and let B = Bk. As we joined these blocks 
from the outside in we have that W is non-crossing. Thus (T, B) G 

A^(n). _ 

Conversely starting with (7f,B) G NC{n), let k be the number of 
blocks covering B. We split each of these k into two and declare them 
open. The open blocks of tt will be B and these 2k blocks. 

If (tt, i?i,..., i? 2 fc+i) G NCL{n) 2 k+i with j closed blocks then k + 
#(7r)ci = k + j and #(T) — 1 = #( 71 ) — k — l = k + j,soc^ c^Wd = 

-ip^TijB). Summing over NCL{n) 2 k+i now gives us the result. 

□ 
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Remark 19. The equation 



k 


has the following combinatorial interpretation. Every non-crossing lin¬ 
ear half-permutation with k open blocks can be written as the concate¬ 
nation of k non-crossing linear half-permutations with one open block 
and one non-crossing linear half-permutation with zero open blocks. 
Indeed, given tt a non-crossing linear half-permutation with k open 
blocks, let TTi be all the blocks of vr starting from the left up to and 
including the hrst open block. Then 112 starts after this open block and 
continues up to the second block, and so on until all the open blocks 
are exhausted; what remains is a non-crossing half-permutation with 
zero open blocks. We convert each of these k half-permutations with 
one open block to a half-permutation with zero open blocks by closing 
the single open block. Note that this construction is reversible. Since 
we always require at least one block we subtract 1 from Po{z) and since 
we convert an open block to a closed block we divide by c. 

8. Recursion Formula for non-crossing circular 


HALF-PERMUTATIONS 


In section 0] we constructed a family {r„}„ of polynomials we called 
shifted Chebyshev polynomials of the hrst kind. In the notation es¬ 
tablished there r„(x) = Y^k=o9nk^’^ where g'nk ^ Z[c\. We established 
the recursion formula 


9n,k-l — 9'n+l,k + (1 + c)5'n,A: + (^9n-l,k 


for n > 1 and 

9'i,k-i = 92,k + (1 + + ‘^C9o,k 

where 5 '^^ = 0 whenever n < 0, k < 0 or k > n. We let T be the 

matrix with {n,k) entry and {gn,k}n,k be the entries of T”^. We 
showed that 

© gn+l,k gn,k—l T (1 T P)gn,k T Cgn,k+1 


and 


© 


5'n-|-l,0 — (1 + c)gn,0 + ‘^cgn,l 


We wish to show that these relations have an interpretation in terms of 
non-crossing circular half-permutations. Moreover this interpretation 
is essential for the proof of our main theorem (Theorem©. 
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Let TT be a non-crossing circular half-permutation on [n] and #(vr)ci 
the number of closed blocks. We wish to show that for k>l and all n 

(16) = 

TT 

where the sum is over all non-crossing circular half-permutations on [n] 
with k open blocks and #(7r)ci is the number of closed blocks. 

Let us denote be NCC (n) the collection of non-crossing circular half¬ 
permutations on [u] and NCC{n)k the collection of non-crossing circu¬ 
lar half-permutations on [n] with k open blocks. 

In order to prove equation (uni), even just for /c > 1 , we have to extend 
the definition of non-crossing circular half-permutations (Definitional) 
to the case A; = 0 . 

Definition 20. A non-crossing circular half-permutation on [n] with 
zero open blocks is a pair (tt, B) where vr is a non-crossing permutation 
on [n] and B is either a block of vr or a block of tt'^. The block B 
is called the designated block. The collection of non-crossing circular 
half-permutations with zero open blocks is denoted NCC{n)o. 

Notation 21. For all n > 1 and u > fc > 1 let 

-K£NCC{n)u 

and 

9„,o = E + E 

{'K,B)£NCC{n)o ( 7 r,B)G 7 VC'C'(n)o 

BGtv 

For convenience we set g = 1. 

Our goal in this section is to prove 

Theorem 22. = g^^k fort) <k<n 

We shall prove this theorem by showing that {gnk}n,k satisfy the 
same recurrence relation as {gn,k}n,k) namely equations (0 and ©. 

We will also need to extend the definition of initial and final points 
to all the blocks of a half-permutation. Recall that in Definition El we 
supposed that B was a block of and we defined for an open block 
R of TT two points (which coincide if R is a singleton) which we called 
the initial and final points. We wish to extend this to the other blocks 
of TT and to the blocks of a half-permutation with zero open blocks. In 
the following definition 7 is the permutation of [n] with the one cycle 
(1,2,3,...,n). 
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Definition 23. Let vr G NC{n) be a non-crossing permutation of n 
and B a block of vr. 

a) Suppose B a block of tt'^ and B n B = 0. Let j be any point 
of B and let k be such that 7 ^(j) G B but 7 ^(j) 0 B for all 
1 < / < A;. Then i = TT^{j) is the initial point of B (relative 
to B) and is the final point of B (relative to B). By the 

non-crossing property of vr, i is independent of the choice of j. 
h) Suppose i?i 7 ^ -B is a block of vr. We choose any j & B and hnd 
the hrst k such that 7 ^(j) G -Bi, i.e. 7 ^(j) G Bi but ^ -Bi 
for 1 < / < A;. Let i = we call i the initial point of Bi 

(relative to B) and vr“^(A) the final point of Bi. Again i is not 
affected by the choice of j. 

Remark 24. If 5 is a block of and i? is a block of vr with Bp[B 0, 
then Dehnition El and (a) above coincide. 

In order to prove Theorem |221 we introduce a new way of describing 
elements of NCC{n)k using a dot structure. By a dot structure we 
mean placing either black or white dots on each of 1,1', 2,2 ',..., n, n'. 

Notation 25. Let Dj^k,n be the collection of dot structures on 1,1', 2, 2', 
... ,n,n' such that 

- there are j black dots on primed numbers and the remaining 
{n — j) primed numbers have white dots; 

- there are {k+j) white dots on unprimed numbers and black dots 
on the remaining n — {j + k) unprimed numbers. 

Theorem 26. For k > 0 there is a bijection between the subset {vr G 
NCC{n)k I vr has j closed blocks } and ^ 

Proof. Suppose we are given a dot structure. We place the numbers 
1 ,1', 2, 2 ',..., n, n' around the circle in a clockwise fashion. 


Figure 12. In this example n = 6, 
j = 2, and k = 3. We place black dots 
on 1' and 5' and white dots on 2', 3', 4' 
and 6'. j -|- A: = 5 so we place 5 white 
dots on a unprimed numbers, 1, 2, 3, 4, 
and 6 say. To complete we place a 
black dot on 5'. 

dot we move in a counter-clockwise direction 
until we come to the hrst available white dot and connect these two 
dots. By available we mean that every time we pass over a black dot we 
must skip over an additional white dot. Since there are in total n — k 



Starting at any black 
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black dots and n + k white dots, every black dot can be connected to 
a white dot in the manner described. Moreover since a black dot on a 
primed nnmber can only be paired with a white dot on an nnprimed 
nnmber, there will be k remaining white dots on nnprimed nnmbers. 
Similarly a black dot on an nnprimed nnmber can only be paired with a 
white dot on a primed nnmber so there will be k white dots on primed 
nnmbers remaining. 



Figure 13. We then connect 
each black dot to its first 
available neighbour in the 
counter-clockwise direction. The 
k remaining white dots on 
primed numbers get connected to 
the k remaining white dots on 
unprimed numbers. 


We connect each remaining white dot on a primed nnmber to the 
first available white dot on an nnprimed nnmber, moving as before in 
the connter-clockwise direction. 


Figure 14. We obtain a 
non-crossing circular 
half-permutation on [6] with 2 
closed blocks and 3 open blocks. 


Finally we sqneeze together each nnprimed nnmber i with its cor¬ 
responding primed nnmber i' to form a non-crossing circular half¬ 
permutation. Each black dot on a primed number starts a closed block. 
There are n — j white dots on primed numbers of which n — j — k are 
paired with black dots on nnprimed numbers. 

Each white dot on a primed number starts an open block and so we 
obtain k open blocks and j closed blocks. This incidentally shows that 
the number of such permutations is Q'j ; so the coefficient of in 




(.#(7r)cl 


-K£NCC(n)i, 


is 
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This construction is reversible: starting with a non-crossing circular 
half-permutation with k open blocks and j closed blocks we arrange 


Figure 15. We start with a 
non-crossing circular 
half-permutation and we place 
a black dot on 1' and 5h We 
place white dots on 1, 2, 3, 4, 
and 6. 


On the unprimed numbers we place a white dot on the initial point 
of each block and black dots on the n — j — k remaining points. On the 
primed numbers we place a black dot on the hnal point of each of the 
j closed block and a white dot on each of the remaining points. This 
establishes a bijection between NCC{n)k and Dj^k,n- □ 


black and white dots as follows. 




Figure 16. We then place a 
black dot on all the remaining 
unprimed numbers and a white 
dot on all the remaining 
primed numbers. 


Theorem 27. There is a bijection between Dj ^ n md the subset of 
NCC{n)o: {(tt, 5) | n has j blocks when B G or n has j + I blocks 
when i? G tt}. 

Proof. Let (tt, 5) G NCC{n)o with B G tt'^. Suppose that n has j 
blocks, we shall construct a dot diagram in Dj Q n- We put a black dot 
on the prime of the hnal point of each block of tt, all other primed 
numbers get a white dot. We put a white dot on the unprime of the 
initial point of each block of tt; all other unprimes get a black dot. If 
a block of TT is a singleton then we put a black dot on the prime and a 
white dot on the unprime of the number. Thus there are j black dots 
on primed numbers and j white dots on unprimed numbers; so the dot 
diagram is in Dj o ^- 
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Next suppose that (tt, B) G NCCin)^ with j + 1 blocks and i? G vr. 
We follow the same construction as before for each of the j undesig¬ 
nated blocks. For the designated block B we put a white dot on each 
unprimed number and a black dot on each primed number. Thus on 
the designated block there are no black dots on primed numbers or 
white dots on unprimed numbers. So again we obtain a dot pattern in 

Now suppose we have a dot pattern in NCC{n)Q we must construct 
a non-crossing permutation vr and identify block B either of tt or of 

We obtain tt as in the proof of Theorem We have n black dots 
and n white dots. We connect each black dot to the hrst available 
white dot. The blocks of vr are constructed as follows. Start at any 
of the j white dots on an unprimed number and ‘open’ a block. We 
move in the clockwise direction adding points until we come to a black 
dot on a primed number, where we ‘close’ the block. If we encounter 
another white dot on an unprimed number before closing the block we 
open new block and close this one before closing the hrst one opened. 
These Catalan paths can only produce non-crossing permutations. 

If this matching exhausts all of the points then we are in the case 
B G vr'’. We can identify the points of B as follows. A point z is in i? 
if it passes the following test. Starting at the unprime of i and moving 
in a clockwise direction we count the number of white points passed 
minus the number of black points. If we can return to i without the 
running total ever being negative, then i & B. 

If the matching doesn’t exhaust all of the points then there are points 
remaining of the form black dot on unprimed number and white dot on 
unprimed number. These will then form the points of the designated 
block i? G vr. As we can only encounter a black-white pair when there 
are no open blocks, B cannot cross any of the previously constructed 
blocks. Thus (vr, 5) G NCC{n)o. □ 

Theorem 28. For k > 0 

(17) 9n+l,k = 9n,k-l + (1 + C)9n,k + (^9n,k+l 

and for k = 0 

(18) ^n+1,0 = (1 + c)9n,0 + 2c^n,l 

Proof. For all n and k we write NCC{n)k as the disjoint union of four 
subsets according to the four possible dot patterns on n\ 

NCC{n)k,i = {(vr, 5) G NCC{n)k \ white on n white on n'} 

NCC{n)k,2 = {iF)B) G NCC{n)k \ black on n white on n'} 

NCC{n)k,3 = {(tt, i?) G NCC{n)k \ white on n black on n} 
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NCC{n)k ,4 = {(tt,-B) G NCC{n)k \ black on n black on n'} 
We shall define maps 


01 

NCC{n + 1)a:,i “ 

NCC{n)k-i 

02 

NCC(n + 1)a:,2 “ 

^ NCC{n)k 

03 

NCC{n + l)fc ,3 “ 

NCC{n)k 

04 

NCC{n + l)k,4 - 

NCC{n)k+i 


such that #(0i(7r))ci = #(7r)d for i = 1,2 and #(0j(7r))d = #(7r)d - 1 
for i = 3,4. 

On the level of dot diagrams the maps all simply delete the points 
n + 1, (n + 1)' and their dots except in the case /c = 0 and i = 1. When 
/c = 0 and i = 1, deletes the two white dots on n + 1 and (n + 1)' 
and then reverses the colour of all dots. 

Let us check that each of the maps 0* is a bijection and has the 
required effect on the number of closed blocks. 

The case i = 1. We remove a white dot on an unprimed number so 
the number of blocks decreases by one, however the number of black 
dots on primed numbers is unchanged so the block lost is a white block. 
Thus #(0i(7r))d = #(7r)d. Since we had k open blocks to start with 
0i(7r) G NCC{n)k-i- The inverse map from NCC{n)k-i is to insert 
n + 1 and (n + 1)' and put white dots on them. 

The case i = 2. We remove a black dot on an unprimed number 
so the number of blocks is unchanged, moreover the number of black 
dots on primed numbers is unchanged so the number of closed blocks 
is unchanged. Thus #(02 ('t))ci = #(t)ci. Since we had k open blocks 
to start with 02 ( 71 ) G NCC{n)k- The inverse map from NCC{n)k-i is 
to insert n + 1 and (n + 1)' and put a black dot on n + 1 and a white 
dot on (n + 1)'. 

The case i = 3. We remove a white dot on an unprimed number so 
the number of blocks is decreased by one, also the number of black dots 
on primed numbers is decreased by one so the number of closed blocks 
is decreased by one. Indeed, in this case we see that n + 1 was a closed 
singleton and we removed it. Thus #(03(7r))ci = #(7r)ci — 1. Since we 
had k open blocks to start with 03(7r) G NCC{n)k- The inverse map 
from NCC{n)k-i is to insert n + 1 and (n+ 1)' and put a white dot on 
n + 1 and a black dot on (n + 1)'. 

The case i = A. We remove a black dot on an unprimed number so 
the number of blocks is unchanged, however the number of black dots 
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on primed numbers is reduced by one so a closed block is lost and an 
open block is gained. Thus #(04(7r))ci = #(vr)ci — 1- Since we had k 
open blocks to start with 04(vr) G NCC{n)k+i. The inverse map from 
NCC{n)k+i is to insert n+1 and {n + 1)' and put black dots on them. 

This construction works for all n, k, and i except when k = 0 and 
i = 1. In this situation the number of black dots equals the number 
of white dots (because k = 0) and we remove two white dots leaving 
two fewer white dots than black, which is forbidden. So in this case 
we remove the two white dots and change all black dots to white and 
all white to black. So when k = 0 both 0i and 04 map into NCC{n)i. 
This justihes the 2 in equation (fTK|l . □ 

Theorem 29. For n >1 and k > 1 

9n,k = 

7TeNCCin)k 

and 

9n,o= #(7r'=)c#W + #(7r)c#W-i 

TT£NC{n) 

Proof. We only have to check that we have equality of {( 71 , 0 , S'!,i} and 
so induction can start. We have by calculation 

gifi = 1 + c and = 1. On the level of diagrams when n = 1 we 
have one block with one element in it. When fc = 0 we can either 
choose B to be this block or the single block in the complement so that 
Q = 1 + c. When A; = 1 we must have one open block and since there 
is only one block, zero closed blocks, thus ^ = 1. □ 

Remark 30. There is an intriguing interpretation of equation 0 for 
non-crossing circular half-permutations analogous to that (remark ^j) 
for non-crossing linear half-permutations. 

(9) G„(z) = G„(2) 

Each non-crossing circular half-permutation with k open blocks can be 
assembled from k non-crossing linear half-permutations with one open 
block and one non-crossing circular half-permutation with zero open 
blocks. The point of insertion of linear permutations is determined by 
the designated block. We shall not present the details here. 

9. The Prooe oe Theorem [T] 

Let for each iV, Wjv^i,... be p independent N x N Wishart 
random matrices i.e. XN,i = G*^^GN,i with Gjq^i = {9rn,n'^}m,n an MxN 
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Gaussian random matrix with independent entries and S{\gm’n\‘^) = 
1/N. Fix k,l > 1 and let m = (mi,..., rrik) and n = (ni ,... ,ni) with 
Tils > 0 and rit > 0 for all s and t. Suppose also that we have ii,... 4 
and ji ,.. .ji with 1 < is,jt < p which are each cyclically alternating 
i.e. for |si — S 2 I = 1 , 4i 7 ^ ^2 cind for |fi — 41 = 1 , jti 7 ^ jt 2 and in 
addition 4 7 ^ 4 and ji 7 ^ ji. 

Let 

~ Tr(nmi (^Ar,u) ■ ■ ■ nmfc(^A,ifc)) 

and 

From jCTN] Theorem 7.5 we have. 

Theorem 31. 


lim K 2 (Tr(X 


mi 

Nm 


Y'mk ' 


,Tr(X 


ni 

NJi 


■X-\^^)) = \SYcirfi,fi)l 


where the undefined notation is explained below. 


Notation 32. Let u = (ui,..., Uk) and v = (ui ,... ,vi) where Ui, U 2 , 

... ,Uk and Vi,V 2 ,... ,vi are positive integers. Let u = Ui + U 2 + ■ ■ ■ + Uk 
and V = vi + V 2 + ■ ■ ■ + vi- 

Let Snc{u,v) be the set of non-crossing annular (u, u)-permutations 
where 

- on the M-circle we have k intervals Ji, I 2 , ..., 4 of points with 
Us points in the interval 4 all of colour 4 ; 

- on the u-circle we have I intervals 4, J 2 , ■ ■ ■, Ji of points with jt 
points in the interval Jt all of colour jp, 

- only points of the same colour can be connected. 

To simplify the notation we have omitted the dependence on the colours 
4 , • • •) 4 and ji,... ,ji; since we only work with one set of colours this 
should not cause any confusion. 

Notation 33. For x = {xi, ...,Xk) and y= (yi, ...,yi) let SNci'^, g) 
= ’ ■ ■ ■ ’ ’ yi ’ • • • ’ y!) permutations in Snc{u, v) such 

that from the interval 4 there are exactly Xg blocks that meet the v- 
circle and from the interval of Jt there are exactly yt blocks that meet 
the M-circle, i.e. 4 has Xg through-blocks and Jt has yt through-blocks. 
If Xg = Ug then we shall write 5 • • •; • • • 4*" 44 • • • 4*) ia 

place of Syc{'^^ ) • • • 4% • • • 4*" 44 • • • 40 • Note that the condition 
Xg = Ug means that every point of 4 is in a different block and each of 
these blocks is a through-block. 
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X = u and y = v we shall write h) in place of In 

this case every block is a pair connecting the two circles (i.e. a spoke 
diagram), respecting the colonrs. 

Notation 34. Snppose A C SNc{m,n). Let |^|c = Sup¬ 

pose 1 < s < t < k. Let NC([s,t]) be the non-crossing partitions tt 
of [s, t] = {s, s -1- 1,..., t} that respect the colonring given hj ig, ■ ■ ■ ,it, 
i.e. are snch that if a and b are in the same block of tt then ia = ib- 
Let Xg^t = As<r<tlr with the colonrings given by ig,... ,it, i.e. the 
points of Ir are colonred v- Let NC{Xg^t) be the non-crossing partitions 
of Xg^t that respect the colonring, i.e. each block only contains one 
colonr. 

Given vr G NC{Xg^t) we obtain a partition G t]) in which 

^ 1 X 2 G [s,t] are in the same block whenever a block of vr meets both 
the intervals and The idea is to take a partition of Xg^t that 
respects the colonrs and only remember how the partition connects the 
intervals, i.e. shrink each interval to a point. 

For B C [s,t] snch that = V 2 for all ri,r 2 G 5, let Xb = Areslr- 
Let aB be the partition of Xb in which each interval G (r G 5) is a 
block of aB- 
Let 

Pb= 

tt^NC{Xb) 

o-BV7r=lxg 

i.e the snm is over all vr that connect all the intervals {folreB- 


Remark 35. (i) Snppose s < t, = • • • = Xt = 0, Xs_i > 0, Xt+i > 0 
and G_i 7 ^ it+i- Then by Theorem ITT)1 



If ig-i = it+i then 


Ug-i Ut+l 


Snc 


U V 


X y 


= S, 


NC 


Ml 

Xl 


Ug-I - 1 - Ut+l 
Xg-I Xt+1 


(%l) If i? = {w} is a singleton then 




!.) X XC{Xg^t) 


Uk 
’ Xk 


P X NC{Xg,t) 


Pb= = ^“-’0 

TTeNC(In,) 


\NC{X.,,+ = IfvB. 

TeVC(p,4]) i<i<g 


Lemma 36. 
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Proof. We partition NC{Xs^t) over A^C([s, t]), i.e. write 
NC{X,^t) = U ^ NC{X,,t) \u^ = t} 

T£NCils,t]) 

where i/jr is the partition of the colours induced by vr. Combine this 
with the observation that for r = {Bi,..., Bq} 

{vr e NC{Xs,t) I P. = r} = {p e NC{Xb,) | p V 

X ■ ■ • X {p e NC{XBg) I p V 

□ 


Lemma 37. Suppose that Xi 

n 

1<S<1 


= 0 for some i. Then 
"fh fi 




Ur^Us.Vs 


s 


NC 


X y 


0 


Proof. By invariance of the trace under cyclic permutatione we may 
suppose xi = ■ ■ ■ = Xt = 0 and Xt+i > 0. Furthermore we shall assume 
that it+i 7 ^ ifc, the proof when P+i = ik is handled similarly. 


n 


.P' 


Uj.rns,Vs 


ui,...,u^. l<r<k 
vi,...,vi l<s<l 


s. 


NC 


mi 
0 ^ 


mt mt+i 
0 ’ xt+i 


ruk n\ 
Xk' y) c 


= E If 


,UrPns ,Vs 


ui,...,Uk l<r<k 
vi,...,vi l<s<l 


Snc 


^rnt+i 

V Xt+l 


mk n 
Xk ’ y 


X \NC{Xo,t)\c 


By Lemma IHTH we can write |AtC(Xo, 4 )|c as a sum over AtC'([0,f]). 
Since the colours are cyclically alternating we know that each r in 
AtC'([0,f]) must contain at least one singleton {a(r)} and by Remark 
IHHl (m) the corresponding is a we have that for some Mr 

AC(A'„,,)|o= 

TeYC([o,t]) 

Inserting this into our equation above we continue 


TT ' ' ]\X Q C^t+i TXlk XL 

/ y / y 11 Pmr,UrPns,VsPua(T)fl^T ( ’ ' ' ' ’ ’ V 

TeNCi[0,t])Ui,...,Ukl<r<k ^ ^ 

1<S<Z 


= 0 


Because, by TheoremHH = 0- 


□ 
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Proposition 38. 


lim = \SNcim,n)\c 

N^OO 

Proof. 

= >r E n 

Ui 
t;] 


l<r<k 
Vl,...,Vl 1<S<1 


\<r<k 

l<s<l 


E n Pmr,UrPns,V3 ‘S'7Vc(lIl) • • • ) Hfcj '^li • • • i Pz) 


we write Snc{ui, ... ,Uk]Vi,..., vi) as a disjoint union over all 


X and y of Snc 


U\ life . Vl VI 

XI ’ • • • ’ Xfc ’ yi ’ ■ ■ ■ ’ y; 


= n P'mr,UrPns,v.J2\^^(^Cx[ 

ui,...,Uk l<r<k x,y 

l<s<l 

by Lemma IT7I we have, 


Uk V\ 

Xk yi 


Vl 


yp c 


^ ^ IT Pmr,UrPns,Vs ^ ^ 
l<r<k x,y 

l<s<Z xi,...,xfc>0 

by Lemma EZI again we have, 


, Ml Uk Ml Vl 

bNc , • • •, ; , • • • , 

Xi Xk yi yi 


^ ^ IT Pin.r,UrP 


t 

na,Va 


ui,...,Uk l<r<k 
vi,...,vi l<s<Z 


E 

xi,...,Xfc>0 

yi,...,yi>0 


Snc 



Uk_ Vl 

Xk yi 


Vl 


yp c 


Now we have for each interval at least one block passing to the 
opposite circle. Thus on each interval we have a non-crossing linear 
half-permutation. Thus 


ONC[ ^ j 

= 

E 


^ pi 

ONC[ 

U2 

? • 

• ? ) 

-) 

X y/ 

C 


\Xi 

X2 

Xk 



Pu\,Xl 


/ M 2 Uk v\ 

hATcl azi, ,..., ; ^1 

V— X2 Xk yy 


by Theorem [T71 We can repeat this for each Xi and yj and thus 
obtain that our limit 
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= n Pmr,UrV'ns,VsVur,XrVv,,ys\SNc{.^^§\c 

xi,...,xk>0 ui,...,Uk l<r<k 
yi,...,yi>0 l<s<l 

— ^ ^ I iSnC (^) y) I c ^nir ,Xr ^ris ,ys 

xi,...,Xk>0 l<r<k 

yi,...,yi>0 l<s<l 

= \SNc{m;n)\c 

□ 

Proposition 39. Let k>l, l<i<p and ■ ■ ■ ,ik be cyclically 
alternating, and n, mi,..., m^ > 0. Then 

Proof. As in the proof of Proposition l38t 


limK2(5jv,rn(A:7v,i)) Yl SNc(ui,...,Uk;v^ 


l<r<k 


E E Up: 


mr,Ur^n,V 


s 


Ui Uk 

Nc\ , • • •, ;' 

Xi Xk 


xi,...,Xf,>0 ui,...,ui^,v l<r<k 

= n P'mr,UrPnr,Xr(ln,v l*^Yc(T;n)|c 

xi,...,X}^>0 ui,...,Uf^,v l<r<k 

= n ^rnr,Xrqn,v\SNc{x]v)\c 

xi,...,xk>0,v l<r<k 

= Y ^nJSNc(,m;v)\c 

l<v<n 

= 0 

because SNci:^:^) is empty. 

Proposition 40. Suppose m,n > 0. 

Imi ^ 2 (Pm()) 5i j6,Yi .,imc 

Proof. 

limK2(Pm(Aiv,i),Pn(Aivj)) = Y 


□ 


l<ti<m 

l<i;<n 


Now limiv X^jj) = 0 unless i = j, so for the rest of the proof 

we shall assume that i = j. Moreover as i = j, limiv K 2 (A)^, = 






42 


T. KUSALIK, J. A. MINGO, AND R. SPEICHER 


|S'7vc(M;f)|c- Thus 


lim r„(X 7 v)) 


Tfcm.131 1 

Qm,uQn,v ^ ^ SjsiC ( : j 

’ ’ \ \x y/ 

0<x<u ^ 


l<u<m 


l<v<n 

{}<y<v 


Thm\‘2^\ 

'y ^ Qm,uQn,vQu,xQv,y\SNc{_t!Li'^\c 


0<x<ul<u<m 
0<y<v l<v<n 


^ ^ ?/) |c 

0<x<u 
{Xy<v 

= \SNc{m,n}\c 


□ 

Proof of Theorem Given that all the cumulants of degree higher 
than three for words in Xtv^i, ..., asymptotically vanish, in order 
to prove asymptotic independence we only need calculate the hrst and 
second cumulants. 

From Proposition |2H1 we see that and Sfij are asymptotically 
independent unless (m, ^ and (ir, J) are cyclically equivalent; and that 
the complex variance of is | (m, t) \. From Proposition EHl we see 
that {Tr(P„(X 7 v,i))}n,i are asymptotically independent from 
By Proposition HOI we see that Tr(Pm(-^Ar,i)) is asymptotically inde¬ 
pendent from Tr(P„(X 7 vj)) unless (m,i) = (n, j) and that the variance 
of Tr(Pm(-^Ar,i)) converges to me™. What remains is to calculate the 
asymptotic moments of Tr(P„(XAr)), Tr(n„(XAr)), and 
We start with lim^vTr(n„(X 7 v)). Since 

/ b n 

Unit)d^icit) = ^Pn,k 

k=0 TT&NCik) 

we have 

n 

lim£(Tr(n„(A'„))) = ^py£(Tr(Ay)) 

k=0 

n 

k =0 7 rGNC{k) 

n 

= EpG E c'#(’r)c«'>-‘ 

fc=0 TTSNC{k) 
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Where the last equality is from |mH], Cor. 9.4. Hence we must show 
that 




,#(7r)-l _ 


fc=0 iT£NC{k) 

In terms of our matrix H our claim is that 


n even 
n = 2m + 1 


/ 


n 


0 

1 

1 + 2c 


\ 


E.#Wc#c)-i 

V / 


l^\ 

1 

0 

c 

0 

C2 

vJ 


Or by taking inverses we must show that 

[lizii] 

X] Pn, 2 k+ic'" = ^ #(7r)c#C)-l 

fc=0 neNCin) 

However this is precisely Theorem Thus we have that 

limT(Tr(n„(Xjv) - cn„_2(Xjv))) = 0 

and thus by equation (d 

hmT(Tr(r„(X^) + r„_i(Xjv))) = 0 


Thus to prove that limAr T(Tr(r„(XAr)) = (—l)”c' we check the first 
few values of n by direct calculation (n = 0,1, 2) and then obtain the 
rest by induction using the equation above (n > 2). 

Finally we check that is asymptotically centered. Recall that 
Pkfi = JZw&NCik) limit of T(Tr(X^))). It is enough to show 

that 


lim£(Tr((X™, - - Vra,f,I^))) ^ 0 

and then take linear combinations. 

Recall that T(Tr(X]^)) = N Y.n&NC{m) (w) +0(N-^), so it suf¬ 

fices to keep track only of the terms of order N. Thus 

limf (iv((x;;‘. - - ?„„„/«))) 

=“y 5^ nTPm„o)s(Ti'(nA”j,)) 

Ac[k]jeA j0A 
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Ac[fc]iGA ■k&NC{A<^) 

were NC{A) is the set of non-crossing partitions of + 1, Rij] 

that respect the colouring i, i.e. r and s are in the same block of a 
partition only if ij. = is- 

Now let us write NC{A) as the disjoint union of the two subsets 
NC{A)d and NC{A)c; where NC{A)d {d for disconnected) is the set 
of partitions on NC{A) for which each block is a subset of an in¬ 
terval [mj-i -|- l,mj] for some j, and NC{A)c is the set of parti¬ 
tions in NC{A) that connect at least one pair of intervals. Note 
that NC{A)d = rijgALet us introduce an ad¬ 
ditional piece of notation. For a subset C C [k] let NC{C)cc be the 
set of non-crossing partitions r of + ^)^j\ such that ev¬ 

ery interval Ir = [m^-i -|- 1,171,.] is connected to some other interval 
Is = [ms-i + 1, 777s] by some block of r. Thus 

NC{A^), = IJ NC{B)d X NC{C),, 

B\JC=A<^ 

Bnc=0 


Note that for every C C [k] for which NC{C)cc is not empty we must 
have |C"^| > 2 as every non-crossing partition of k cyclically alternating 
colours must have at least two singletons. 

Hence, suppressing an 0{N~^) term, we have 


■ ■ ■ (xz, - p»..,o7»))) 


^En( 

Ac[k] j£A 


'Prrij ,0 ) 


V ■\ V ■\ / iff \ HA) 

I iV/ 


BUC=A<^ TT&NC{B)a 
BnC=0 


I iV j 


a£NC{C)c 


^ ^ \ -p-i- -p-i- \ / M \ HA) 

Y, (jf) H n E(v) 


C<Z[k] aeNC{C)c 


AUB=C‘^ j£A 
Ar\B=0 


l£B aeNC{Ii) 


Y (L)""n( E C4r 


Cc[k] aeNC{C)c 


jec<^ TT&NC{ij) 


Prrijfi 


Since every C for which NC{C)cc is not empty we have \C'^\ > 2 there 
are always at least two factors in the product in the last expression 
above. The first factor of the form 



- 
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absorbs the N the second converges to 0; thus each term in the sum 
above converges to 0 and thus the are centered. □ 

10. Wick Products 

In this section we show how to use non-crossing linear half-permu¬ 
tations to obtain relations for the Wick products of compound Poisson 
elements. These non-commutative polynomials were called the free 
Kailath-Segall polynomials by M. Anshelevich |^, §3.7, which are in 
turn a special case of the g-Kailath-Segall polynomials |3 §4.4]. In 
Theorem iSl we show how to expand a monomial as a sum of Wick 
polynomials. This is a special case of |^, Th. 4.11 (a). We dehne 
the convolution of a pair of non-crossing linear half-permutations and 
show in Theorem EZI that this corresponds to the product of two Wick 
products. This is a special case of |^, Thm. 4.11 (c). 

We shall use the notation and dehnitions of [CTHj . §4.2. Let V he a 
unital ^-algebra equipped with a tracial state V’ and represent V, via 

the GNS-representation, on 7^ := where the inner product on Ti 

is given by 

{di,d2) := ipidldi). 

Let jF(7-f) be the full Fock space over Ti with vacuum state and for 
d G 77 we have the following operators on l{d) is the left creation 

operator, l*{d) is the left annihilation operator, A(d)(di ® ® dn) = 

(ddi) ® d 2 ® ■ ■ ■ dn is the preservation operator (with A(d)G = 0), 
and p(d) = l{d) -|- l*{d*) + A(d) -0(^)1. G is a cyclic and separating 
vector for the algebra generated by {p(d) | d G V}. Thus for each 
di® - • -^dn G J^{H) there is a unique polynomial W(di®- • -^d^) in the 
non-commuting variables {p(d) | d G T>} such that W(di®- • = 

di® ■ ■ ■ ® dn- These are the Wick products. 

One checks that W{d) = p{d) — 'il’{d) and from the dehnition of p(d) 
on has immediately that 

(19) lF(d ® di ® • • • ® d„) = p(d)lF(di ® ■ ■ ■ ® dn) 

- i>{d di) W(d2 ® • • • ® d„) - lF((d di) ® • • • ® d„) 

- i>{d)W{di ® d2® ■■ ■ ® dn) 
Our hrst goal in this section is to prove the following 

(20) W{di®---®dn)* = W{dn®---®dl) 

In the course of proving this we shall extend the dehnition of Wick 
products to lT 7 r(di ® • • • ® dn) where vr is a non-crossing linear half¬ 
permutation on [n\. When vr is the half-permutation in which each 
block is an open singleton lW-(di ® • • • ® d„) = W{di ® ■ ■ ■ ® dn). 
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Definition 41. Let (tt, i?i,..., Bk) be a non-crossing linear half-permu¬ 
tation on [k] with open blocks ... ,3^ and closed blocks Ci,... ,Ci. 

For a cycle C = (ri ,... ,ru) let 'ipc{di,... ,dn) = ■ ■ -dr^). Write 

each cycle Bj = (rj_i,... Then we dehne 

W^{di ®---®dn)= 'ipciidi, ...,dn)-- -^IJciidi, ...,dn) 

X „(!)) ® ® {dr^ -^ ■ ■ ■ 

Finally suppose that S' is a hnite set of non-crossing linear half-permutations. 
Let 

Ws{di ® ® dn) = ^ ® ® d„) 

aGS 

Example 42. Let vr = (1, 2) (3) (4) (5, 6) with (1, 2) and (4) open blocks 
and (3) and (5, 6) closed. Then 

lWr(di 0 • • • ® de) = '0(d3)'0(d5 dQ)W ((did2) ® d^) 

Theorem 43. Let di, d 2 , ■ ■ ■ dn & D and vr G NCL{n). Then 

a) for do G H 

p(do)Wr(di(8)- • ■®dn) = W-k{do®di®- ■ ■®dn) + Wi{do®di®- ■ ■®dn) 

+ W^(do ®di®---®dn) + fF^(do ® di ® ■ ■ ■ ® dn) 

where the half-permutations k, tt, tt, tt of {0} U [n] are obtained 
as follows: 

- 77.- by adding an open singleton at 0; 

-it: by joining 0 to the first open block and then making this 
a closed block; 

- it: by joining 0 to the first open block and leaving it open; 

- it: by making 0 a closed singleton. 

b) p{di) ■ ■ ■ p{dn) = ^ W^{di®---®dn); 

■iT£NCL{n) 

Proof, (a) follows from equation (d when we rewrite it as 

p(do)hF(di (g) • • • ® d„) = hF(do (g) di (g) • • • (g) d„) 

-f- V>(do di)hF(d 2 ® ■ ■■ ®dn) + lF((dodi) ® ■ ■ ■ ® dn) 

+ 'ilj{do)W{di ®d2®---®dn) 

(b) follows by induction and the fact that every a G NCL{{0} U [n]) 
is 77, 77 , 77, or 77 for exactly one vr G NCL{[n]). □ 

Corollary 44. For di..., d„ G D, 

iF(di ® ® dn)* = W{d*^ ®---®dl) 
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Proof. Take adjoints of equation (b) in Theorem and use induction 
and the fact that NCL{n) is invariant under the reflection i i— n + l — i. 

□ 

Notation 45. Let vr G NCL{m) and a G NCL{n) be non-crossing 
linear half-permutations. Let the open blocks of ir he Bi,Bj and 
the open blocks of a be Ci,..., and I = min{j, k}. We shall regard 
(T as a permutation of [m + l,m + n]. We shall construct 21 + 1 non¬ 
crossing half-permutations tt Vq cr, vr Vi^o a, vr Vi^c cr,..., vr a, vr V/^c c’’ 
in NCL{m -|- n). The set {vr Vq cr,..., vr <t} will be denoted vr * cr, 
and called the convolution of vr and a. 

Let vr Vo cr be the permutation of [m + n] obtained by letting tt act 
on [m] and cr act on [m + l.,m + n]. 




71 cr 



Figure 17. vr Vq cr is the concatenation of the two 
non crossing linear half-permutations. 


In the hgure above we have vr = {(1,2), (3,4), (5)} with (1, 2) and 
(5) open blocks; and cr = {(1,2), (3), (4), (5,6)} with (1, 2) , (4), and 
(5, 6) open blocks. We transfer cr to the interval [6, 11] and obtain 
TT Vocr = {(1, 2), (3,4), (5), (6, 7), (8), (9), (10,11)} with (1,2), (5), (6,7), 
(9), and (10,11) open. 

The open blocks of tt and cr are ordered by their smallest element, 
which is the same as ordering by their largest element, as open blocks 
cannot be nested. The basic construction is to take the rightmost 
open block of vr, Bj = (pi ,... ,pr) and the leftmost open block of cr. 
Cl = ((?i, ..., Qs), and replace them with (pi ,... ,pr,qi,... , qs) first as 
an open block then as a closed block. These permutations are called 
TT Vi,o cr and vr Vi,c cr respectively. We obtain tt + 2,0 cr and tt + 2,0 cr 
by applying this procedure (after Bj and Ci have been joined as a 
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closed block) to the open blocks -Bj-i and C2 and continuing until all 
the open blocks of one of the permutations are exhausted. This will 
produce 2/ + 1 permutations. 

XT * XT = XXXX + ^ O A + A ^ A 

+ 

Lemma 46. 

lT((ii ® ® dm) (ei 0 • • • ® en) 

- ii{dmei)W {di ®---® dm-i){e2 ® ® e„) 

= di® ■ ■ ■ ® dm® ei® ■ ■ ■ ® Cn 

+ di® ■■ ■® dmei ® ■■ ■® Cn 

Proof. We prove the lemma by induction on n. By writing 

ei® ■■ ■® en= p(ei)e2 ® ■ ■ ■ ® Cn - 6162 ® ■ ■ ■ ® Cn 

- '1^(6162)63 ® ■■■®6n- i>(ei)62 ® ■■■®6n 

taking the adjoint of equation^] and combining this with Corollary 1^ 
we get that 

W{di® ■ ■■® dm){ei ® ■ ■■®6n) 

- 'l(:(dmei)W(di ®---® dm-l)(e2 ® ■ ■ ■ ® 6n) 

= W(di ® ■ ■ ■ ® dm ® ei)(62 ® ■ ■ ■ ® 6n) 

- '4’(6i62)W(di ® ■■ ■ ® dm){e 3 ® ■ ■■ ®6n) 

+ W(di ® • • • 0 dmei)(62 ® ■ ■■®6n) 

-W(di® ■■ ■® dm) (6162® ■■ ■® 6n) 

We may write 

W(di® ■ ■■® dmei)(62 ® ■ ■ ■ ®6n) -W(di® ■ ■ ■ ® dm)(ei62 ® ■ ■■ ®6n) 

= |w((ii ® ■■ ■® dmei)(62 ® ■ ■■®6n) 

— 'ip(d 

m 6i62)W(di®---®d 

m—1 )(e 3 ® 

- |w(di ® ■ ■■® dm)(ei62 ® ■ ■ ■ ®6n) 

- 'tp(dmei62)W (di ®---® dm-i)(e 3 < 8 ) • • • ® e„)| 

By applying our induction hypothesis to the bracketed terms we get 

W{di® ■ ■■® dm) {61® ■■ ■® 6n) 
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- 'ip{dmei)W{di 0 • • • 0 dm-i)ie2 ® • • • (8) en) 

= ly (di 0 • • • ® dm <8) ei) (e2 <8) • • • ® e„) 

- 'il){eie2)W{di 8) • • • ® dm) (ea <8) • • • ® e„) 

+ di 8 • • • 8 dmCi 8 • • • 8 Cn — di 8 • • • 8 dm 8 6162 8 • • • 8 e„ 

To conclude the proof we apply this formula n — 1 times to obtain 

hT(di 8 • • • 8 dm) (ei 8 • • • 8 e„) 

- ‘ip{dmei)W{di 8 • • • 8 dm-i)(e 2 8 • • • 8 e„) 

= lT(di 8 • • • 8 Cn)^ + di 8 • • • 8 dmCi 8 • • • 8 e„ 

as required. □ 

Theorem 47. 

fK-(di8 - • •8dm)lT'^(ei8- • •86^) = lT',r*<T(di 8• • •8dm8ei8- • •8e„) 

Proof. From the definition we only have to verify this in the special case 
that all the blocks of vr and a are open singletons. From the lemma 
above we have 


fF(di 8 • • • 8 dm)fF(ei 8 • • • 8 e^) 

= di 8 • • • 8 dm 8 ei 8 • • • 8 Cn + di 8 • • • 8 dmCi 8 • • • 8 Cn 
+ '0(dmei)fF(di 8 • • • 8 dm-i)fF(e2 8 • • • 8 e„) 

Thus the theorem follows from repeated applications of lemma 021 
above. □ 


11. The case of pairings 

In this paper we have only dealt with Wishart matrices, however 
there is a parallel program one can carry out for Gaussian matrices. 
Indeed Theorem ^ in the Gaussian case was obtained by Gabanal- 
Duvillard ina using stochastic integration. However a combinatorial 
proof along the lines presented here is equally possible. The idea is 
to consider only pairings throughout all the calculations. One has the 
notion of non-crossing circular and linear half-pairings; in this case the 
polynomials are the Ghebyshev polynomials {Cn}n and of the 

first and second kind respectively renormalized to the interval [—2,2]. 
Exactly as in Gorollary E] one obtains the analogous result on Wick 
products needed in |M5j, Lemma 5.5. Theorem 07| likewise has a similar 
formulation and proof. The pairing version of some of our results (e.g. 
Theorem are special cases of Effros and Popa lEEl, Thm 3.3. 
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